We put forward a hybrid coding method of multiple orbital angular momentum (OAM) states based on the inherent orthogonality. Theoretical analysis shows this new coding method can tremendously improve the coding efficiency compared to the conventional way, and the OAM mode can be extended to all the transverse orthographic modes such as Bessel beams or Laguerre-Gauss modes. We also present a typical scheme to achieve the encoding of hybrid OAM states based on a concentric ring resonator array. We further suggest a digital device and a phase [5] [6] [7] as well as for coding [11, 17, 18] . The OAM coding approaches in [11, 17, 18 ] are quite similar, in which one code only includes one OAM state (distinguished by topological charge), so the largest bit number is increased by lg 2 N for N OAM states. In fact, the coding efficiency of state-of-the-art has the potential to be increased further if considering the hybrid of multiple OAM states, which means that one code may include multiple OAM states with intrinsic orthogonality. In this Letter, we propose a hybrid coding method of multiple OAM states with inherent orthogonality. In our approach, the coding method can contribute N − 1 bits for N OAM states. The coding efficiency is improved N − 1∕lg 2 N times compared to the conventional way, which is approximate N ln 2-fold for a large N. For the OAM encoding, we present a typical encoding scheme based on a concentric ring resonator array. For the OAM decoding, we suggest a digital device and a phase hologram pattern to decode OAM at the receiving end. Finally, we extend our coding method beyond OAM modes to all the transverse orthographic modes such as Bessel beams or Laguerre-Gauss modes.
With the rapid growth of Internet services and broadband telecommunications, it is indispensable to increase the capacity of optical communication systems so as to support the huge bandwidth requirements in the future. There are mainly two ways to increase the capacity of optical communication systems. One is to increase the number of multiplexing channels, such as wavelength division multiplexing [1] , polarization division multiplexing [2] , and mode division multiplexing [3] , etc. The other way is to improve coding efficiency over a channel, such as amplitude modulation (AM) [4] , phase modulation (PM) [4] , and quadrature amplitude modulation (QAM) [1] , etc. Besides the conventional techniques, orbital angular momentum (OAM) has attracted great attention recently, as a new degree of freedom for tremendously increasing the capacity of optical communications [5] [6] [7] . Current schemes for the generation of OAM include computer-generated holograms [8] , spiral phase plates [9] , inhomogeneous birefringent elements [10] [11] [12] , subwavelength gratings [13, 14] , nano-antennas [15] , and angular gratings [16] . OAM can be used for multiplexing [5] [6] [7] as well as for coding [11, 17, 18] . The OAM coding approaches in [11, 17, 18] are quite similar, in which one code only includes one OAM state (distinguished by topological charge), so the largest bit number is increased by lg 2 N for N OAM states. In fact, the coding efficiency of state-of-the-art has the potential to be increased further if considering the hybrid of multiple OAM states, which means that one code may include multiple OAM states with intrinsic orthogonality.
In this Letter, we propose a hybrid coding method of multiple OAM states with inherent orthogonality. In our approach, the coding method can contribute N − 1 bits for N OAM states. The coding efficiency is improved N − 1∕lg 2 N times compared to the conventional way, which is approximate N ln 2-fold for a large N. For the OAM encoding, we present a typical encoding scheme based on a concentric ring resonator array. For the OAM decoding, we suggest a digital device and a phase hologram pattern to decode OAM at the receiving end. Finally, we extend our coding method beyond OAM modes to all the transverse orthographic modes such as Bessel beams or Laguerre-Gauss modes.
First, the new coding method of OAM is analyzed. Assume that there are five OAM states l 0 0, l 1 , l 2 , l 3 , l 4 , where the index l i i 0; 1; 2; 3; 4 indicates the topological charge (TC) of OAM. Shown in Table 1 , five OAM states contribute 4 bits marked as b 1 b 2 b 3 b 4 . If the code contains the state l i i 1; 2; 3; 4, the corresponding bit b i is 1; otherwise, the state l i is replaced by state l 0 and bit b i is 0. So in this way, l 0 represents 0 of binarity for each bit, and every other OAM state represents 1 of binarity for the corresponding bit. It should be noted that our coding method of OAM can be used together with other modulation such as QAM.
In order to encode and modulate OAM fast, we suggest employing a device similar to those reported in [16, 19, 20] . In our scheme, there are four concentric ring resonators with vertically displaced access waveguides and angular gratings, as shown in Fig. 1 . We assume the ring resonators and access waveguides are made of silicon encapsulated in silica, and the two layers are 
separated by silica. Each ring resonator is controlled by electro-optic tuning of the OAM order by using a p-i-n junction embedded in the ring resonator, which is analogous to the electro-optic tuning in [17, 21, 22] . And a q-plate (q 1∕2) is inserted after the light-emitting end [12] . The transverse field of every ring resonator and the output field after the q-plate can be written by Eqs. (1) and (2):
where j −1 p , l is the TC and r; θ the polar coordinates.
Assume that l 0 < l 1 < l 2 < l 3 < l 4 , each ring resonator has two OAM states after the q-plate. From the innermost ring resonator to the outermost, the ring resonators change their OAM states in l 0 ; l 1 , l 0 ; l 2 , l 0 ; l 3 , and l 0 ; l 4 , respectively. Thus there are 16 different states of output beams, which are shown in Table 1 , so the data rate could be increased as 4 bits for five OAM states. If more OAM states are employed, the data rate could be dramatically increased to N − 1 bits for N OAM states. In addition, the electro-optic tuning of the mode order of ring cavity at a certain wavelength can operate at a high speed, which could be easily achieved by varying the refractive index of silicon [17, [21] [22] [23] (40 Gbit∕s reported in [23] ), and a low cross talk (−10 dB) between the resonators is demonstrated numerically in [20] .
For receiving the signal, we suggest a digital device of coherent detection to decode the OAM states [24] . At the receiving end, the signal can be written as
where r; θ is the polar coordinate, and Ct is the complex amplitude containing other bits such as the QAM. E m rm 1; 2… defines the radial amplitudes, which are determined by the properties of beams. L m t is the two-valued functions varied in l m and l 0 . For computing the OAM spectrum, one can make use of a simple discrete Fourier transform (DFT) over the azimuthal angle. Therefore we can detect the OAM bits through the OAM spectrum. The terms E m r can be calibrated for any specific experimental setup by feeding a signal b 1 b 2 b 3 b 4 1111 and 0111 in the case of Ct 1, then the calibration term is directly measured by DFT. For the sake of simplicity, we ignore the impact of Ct and let Ct 1. Figure 2 simulates the OAM decoding results when a circular array of eight elements evenly spaced is used Fig. 1 . Sketch of device to achieve encoding of hybrid OAM states. V1, V2, V3, and V4 are the voltages applied on the ring resonators, respectively, to generate the two-valued OAM states. to map the entire optical field into the digital domain with l 0 0, l 1 1, l 2 2, l 3 3, l 4 4. Figure 2(a) shows the amplitude and phase of eight sampling regions measured by coherent detection when the OAM state is composed by l 0 , l 1 , l 2 . So the four bits b 1 b 2 b 3 b 4 are 1100. Figure 2(b) illustrates all 16 states of the output beams, which represent the 4 bits listed in Table 1 . It should be noted that the total energy of five OAM states is conservative and normalized to 1 after calibration. Besides, the energy of OAM states l 1 , l 2 , l 3 , l 4 corresponds to the value of b 1 b 2 b 3 b 4 . It can be seen that the corresponding energy proportion approximately equals to −6 dB when b i i 1; 2; 3; 4 equals to one and is less than −21 dB when b i i 1; 2; 3; 4 equals to zero. The difference of energy proportion of two states per bit is greater than 15 dB, so the error rate is very tiny. Thus we can successfully decode the hybrid OAM states.
Certainly, the device for encoding and decoding mentioned above is just an optional scheme to prove the feasibility of our OAM coding scheme. There are other schemes, which can also accomplish our coding of hybrid OAM states. For example, we can utilize the phase hologram [8, 25] to separate distinct OAM states into different positions and detect the bits in the appropriate position.
In fact, our coding method of hybrid OAM states can be extended to all the transverse orthographic modes such as Bessel beams or Laguerre-Gauss modes. In this case, the received signal can be written by
CtE m x; yψ m x; y; t;
where ψ m x; y; t is a two-valued function expressed by ψ m x; y; t ∈ fϕ m x; y; ϕ 0 x; yg; m 1; 2…; (5) and ϕ m is the transverse orthogonal modes indicated by ZZ ϕ m ϕ n dxdy δ mn 1 m n 0 mm n :
So at the receiving end, we can calculate mode spectrum through
ZZ Iϕ n dxdy
CtE n x; y; ψ n ϕ n 0; ψ n ϕ 0 ; n 1; 2…:
Compared with the conventional coding method of a onefold OAM state, our coding method of hybrid OAM states can immensely improve the coding efficiency. For N OAM states, it can contribute N − 1 bits, so the coding efficiency is improved N − 1∕lg 2 N times compared to the conventional way. Table 2 compares the encoding of onefold OAM and hybrid OAM in terms of coding efficiency and multimode dispersion. It can be seen that coding of onefold OAM does not exist in multimode dispersion but contributes a low coding efficiency. Hybrid OAM in free space contributes small multimode dispersion, which can be ignored as a matter of fact. However, hybrid OAM in fibers can suffer from multimode dispersion, which must be taken into account.
As shown in Fig. 3, b1i , b2i, b3i, b4i i 1; 2… represent the state of bits b 1 b 2 b 3 b 4 in the clock of ti. It starts without latency and malposition as shown in Fig. 3(a) . When the multimode dispersion between different OAM modes (distinguished by TC) is taken into account, it will bring about time-delay after transmission, as shown in Fig. 3(b) . And then the accumulation of multimode dispersion will become large after long-distance transmission, thus it will result in a decoding mistake, as shown in Fig. 3(c) , where the state of bits b 1 b 2 b 3 b 4 in the clock of t5 become b12, b23, b34, b45. So when this hybrid OAM coding is applied in fiber, we must control the multimode dispersion and calibrate the decoding result.
In fact, every ring resonator in Fig. 1 can emit more OAM beams with different TC under corresponding voltage similarly to [17] . Assume there are N concentric ring resonators, and every ring can emit M OAM beams, then there are M N states, which correspond to M level digital signals. Specifically, it becomes binarity when M equals to two. It will be able to increase the capacity significantly by multiple OAM beams, but it is more difficult to realize if the number of concentric ring resonators or the number of OAM beams in which every ring can emit increases. Besides binarity is the simplest and the most compatible approach in a digital system.
For the possibility of the experiments, the digital device of coherent detection to decode the OAM states is technically mature [24] , such as the detection of AM, PM, and QAM. The phase hologram [8, 25] can be realized with spatial light modulators [7] . For transmitting the signal, a concentric ring resonator array is proposed in [16, 17, 19, 20] . References [19, 20] have proposed and demonstrated numerically the combination of several (three) concentric ring resonators to generate arbitrary OAM qubit states. When a single resonator is addressed, low cross talk (−10 dB) between the resonators was observed. Reference [17] has demonstrated numerically that electrical tuning of the ring can make the ring support multi-OAM states. If we apply the electrical tuning of the ring to several concentric ring resonators, it is feasible to generate and dynamic control the OAM superposition states with low cross talk between the resonators. And the concentric ring resonators can be fabricated on a silicon-on-insulator substrate. In summary, we put forward a hybrid coding method of multiple OAM states based on the inherent orthogonality. Our coding method can contribute N − 1 bits for N OAM states. The coding efficiency is improved N − 1∕lg 2 N times compared to the conventional method. For OAM encoding, we present a typical encoding scheme based on a concentric ring resonator array. For the OAM decoding, we then suggest a digital device and a phase hologram pattern to decode OAM at the receiving end. At last, we extend this method to all the transverse orthographic modes such as Bessel beams or Laguerre-Gauss modes.
